The asymptotic law for the radial distribution of radiance density from an isotropic point source placed in a slab of homogeneous absorbing and scattering material is obtained within the framework of diffusion theory. The exponential shape of the tail of the resulting Green function has been observed but was not theoretically explained until now. We derive formulas for both the steady-state and the time-dependent problems. The theoretical results are verified by comparison with Monte Carlo simulations.
INTRODUCTION AND OUTLINE
Measurement of the characteristics of the reflected and transmitted radiance is a widely used approach to obtaining information remotely about a scattering medium in applications ranging from geophysics to medicine. This technique can provide excellent time resolution (we can have a series of snapshots to study a given medium) and-or spatial coverage (if using a moving platform such as a satellite or aircraft). However, the physical information content derived from a particular technique depends on what model of the radiance propagation is employed. In particular, the single-scattering model, along with minor corrections for multiple-scattering effects, is sufficient for atmospheric aerosol sounding of either transmitted solar radiance [the AERONET (Aerosol Robotic Network) 1 ] or its reflected counterpart (satellite-based passive sensors). In contrast, tissue optics, [2] [3] [4] [5] as well as sounding of clouds 6, 7 and of seawater, 8, 9 must include multiplescattering effects to retrieve information about the scattering medium. In fact, multiply scattered photons dominate the signal.
Accounting for multiple scattering generally means that the radiative transfer equation, 10 often with time dependence, 11 has to be solved while assuming the appropriate boundary and initial conditions. This can become an insurmountable problem, as solution of the corresponding three-dimensional (3D) time-dependent radiation transfer equation may require significant computer time, which is not acceptable if real-time retrieval procedures and-or analysis are required. Fortunately, a number of approximations have been developed which provide efficient and reasonably accurate solutions of the radiative transfer equation if some necessary conditions are fulfilled. For the case of optically dense, weakly absorbing media, such as water-droplet clouds in atmospheric optics or biological tissue in medicine, both of which are of particular interest to us, the framework of the diffusion approximation 12 (DA) can be used. The simplicity of this approach allows one to derive an analytical solution for the forward problems, such as image transfer, 13 simulation of radiance characteristics in 3D cloud optics, 14, 15 and those in tissue optics. [2] [3] [4] [5] Moreover, the analytical relationships obtained within the DA make it possible to solve inverse problems. [16] [17] [18] [19] The use of the DA to calculate the spatial and temporal characteristics of the radiance field is a well-developed area. [2] [3] [4] [5] [6] [7] 13, 20 However, the final expressions do not have a simple form, even if we are interested only in the asymptotic behavior of a given characteristic. For example, it appears that the question, ''What is the law for the asymptotic behavior of radiance at large distance from the point of incidence?'' still has not been answered in a simple way, beyond the case of a semi-infinite medium. The only available option is to use formulas 5, 13, 20 with an infinite sum of terms, but this technique has the disadvantage of slow convergence and, more disappointing, it does not provide us with an asymptotic law.
Why is the asymptotic law important and is there any practical use of it? In medical optics asymptotic results for the semi-infinite medium have successfully been employed to retrieve information about tissue optical properties. 21, 22 Formulas for the semi-infinite slab have thus been used for finite size media, and this can be justified by the very large values of the extinction coefficient (very small mean free path) in the biological tissue. 22, 23 However, this is not generally the case for cloud optics; otherwise, it would be impossible to retrieve a cloud optical thickness by using the appropriate asymptotic formulas. 24 Moreover, the radial distribution of radiance characterizes the process of horizontal photon transport, which limits the use of the so-called independent pixel approximation (IPA) 25 and results in the scale-break phenomenon 26 observed in high-resolution satellite images of extensive clouds. Knowledge of the asymptotic law is needed to gain further insight into this phenomenon.
The goal of this work is to identify and express in closed form the asymptotic behavior of the spatial radiance characteristics in the case of a homogenous slab of finite thickness illuminated from an internal or boundary point. In the framework of linear transport theory, which is ideally where we want to work, this Green-function problem has been addressed analytically only for the semi-infinite, isotropically scattering medium, 27 or by a method of successive refinements that starts with an exponential ansatz. 28 So we will benchmark our exact results in the DA against purely numerical solutions of the associated radiative transfer problem obtained by a robust Monte Carlo technique.
The structure of the paper is as follows. In Section 2 the derivation of the asymptotic behavior by use of the DA is given. The accuracy of the formula we obtained is tested by comparison with Monte Carlo simulations in Section 3. We discuss some ramifications for cloud remote sensing and other optical diagnostics in Section 4. Finally, we summarize and trace the direction of further studies in Section 5.
ASYMPTOTICS OF GREEN FUNCTIONS OF RADIATIVE TRANSFER

A. Green Functions in the Diffusion Approximation
For the sake of simplicity let us consider a homogeneous slab of geometrical thickness illuminated by a ␦ pulse from an internal or boundary point source, which we will assume to be isotropic. We will use the Cartesian coordinate system with as the axis directed along an inner normal to the lower boundary that also contains the origin; in this way our source has coordinates (0, 0, 0 ) with 0 р 0 р . We will use bold symbols for ordinary 3D vectors, and we will employ symbols with an arrow above to denote two-dimensional vectors that are the projections of the 3D vectors on the plane . The mathematical model of this process may be developed within the DA, 12 which is based on the assumption that the radiance ‫״(‬ , ԏ ជ , , n) at point x ϭ (ԏ ជ , ) and time ‫״‬ in direction n (a unitary 3D vector) can be represented as
where
The goal of the DA is to replace the standard integrodifferential transport equation that is obeyed by ‫״(‬ , ԏ ជ , , n) with simpler equations for ‫״(‬ , ԏ ជ , ) and
The most elegant derivation of DA equations from the radiative transfer equation is based on asymptotic theory. 29 The DA quantities ‫״(‬ , ԏ ជ , ) and F(‫״‬ , ԏ ជ , ) satisfy the so-called telegrapher's system of coupled partial differential equations 30 1 ‫ץ‬
Here is the speed of light; ȶ and -are the constant extinction and scattering coefficients, respectively; is the asymmetry parameter of the medium's phase function (mean cosine of the scattering angle); and 0 is the total energy of the pulsed point source of interest here. The gradient operator ٌ applies to the 3D position vector x ϭ (ԏ ជ , ).
Equation (4a) is the local expression of radiant energy conservation by advection ( Ϫ1 ‫ץ‬ ‫״ץ/‬ ϩ ٌ • F), its rate of destruction by absorption ( , where ϭ ȶ Ϫ -is the absorption coefficient), and its rate of creation (righthand side, in this case by a ␦ source). This is exact whether or not Eq. (1) holds as an expression for radiance. Equation (4b), on the other hand, is approximate and follows directly from Eq. (1) when it is substituted into the radiative transfer equation. Fick's law of diffusion, F ϭ Ϫ ٌ , where ϭ / is radiant energy density, follows from Eq. (4b) by further neglecting ‫״ץ/‪F‬ץ‬ and recognizing
as the diffusivity constant, where ˿ ‫״‬ ϭ 1/( ȶ Ϫ -) is the transport mean free path. In boundary-free space, a classic exercise shows that ͗x 2 ͘ ϭ ‫״‬ , where ͗•͘ means a spatial average over photon density ‫״(‬ , x). We start by introducing the dimensionless variables
the last quantity being optical depth (hence, 0 ϭ ȶ 0 for the source depth). Then we take a Laplace transform with respect to ‫ۿ‬and a Fourier transform with respect to the radial coordinates ជ :
Any confusion from using the same symbols for the original and transformed quantity will be avoided by writing out the argument explicitly. As a result, we arrive at the system of coupled ordinary differential equations
Here 0 ϭ -/ ȶ is the single-scattering albedo, and
This is a generalization of the diffusion constant ͓3(1 Ϫ 0 )(1 Ϫ 0 )͔ 1/2 used for the standard problem of horizontally uniform ( ϭ 0) and steady (-ϭ 0) illumination.
Boundary conditions for the DA are of the Robin (or ''mixed'') type,
where ϭ ȶ is the optical thickness of the slab and is the ''extrapolation'' length 12, 30 in optical units. The definition of is discussed for problems in atmospheric optics by Davis and Marshak 15 and in biological tissue optics by Contini ȶ ‫״‬ ˿ 5 In our work, we will assume that
while acknowledging that the choice of 2/3 in the numerator can be adjusted slightly for the sake of better reproducing numerical simulation results as shown by Davison, 12 Davis and Marshak, 15 and others. Following Davison, 12 we will assume more tractable boundary conditions in the form
So we are effectively solving the diffusive transport problem in a somewhat larger domain than the optical medium ȶ ԏ -ȶ , which is for 0 Ͻ Ͻ . Here as in conditions (11) we are expressing that there is no incoming flux at the lower ( ϭ 0) and upper ( ϭ ) boundaries of the medium. The solution of Eq. (9b) with conditions (13) is for the interval 0 р р . We note the symmetric roles of source ( 0 ) and observation () positions. This is as expected from basic reciprocity considerations since, viewed as a detector response, in Eq. (2) models an omnidirectional instrument and the source is itself isotropic. We now invoke the identities
By performing the inverse Fourier transformation term by term of Eqs. (14) and (15) with respect to ជ from Eq. (10) for ͯ, we obtain
B. Asymptotics of the Green Function of the Diffusion Approximation
The above result provides us with an obvious exponentiallike asymptotic ͓ ӷ max(, 0 )͔ expression only in the case of a semi-infinite slab ( → ϱ):
The second term on the right-hand side can be neglected if ␥ 0 but becomes the main term when ␥ ϭ 0. This makes the asymptotic behavior algebraic, ϳ Ϫ3 , in the
steady-state (-ϭ 0) case with no absorption ( 0 ϭ 1 (19) where ␣ Ͼ 0, ( • ) is a square-integrable function on (Ϫϱ, ϩϱ), and ( • ) is its Fourier transform.
First, we consider the simpler case of a steady source by setting -ϭ 0 in Eqs. (16) and (17) . Accordingly, we remove a factor from Eq. (16) 
where 0 ( • ) is the modified Bessel function. By setting ␣ ϭ 2( ϩ 2) in Eq. (19), we obtain
In contrast with Eq. (16) at -ϭ 0, Eq. (21) provides a clear asymptotic expression at → ϱ for finite in the form
hence
Note that the shape of the asymptotic behavior depends only on the absorption of the medium through the diffusion constant, ␥ (-ϭ 0) ϭ ͓3(1 Ϫ 0 )(1 Ϫ 0 )͔ 1/2 and on how the energy drains through the lower boundary, which is determined by the slab optical thickness and the extrapolation length . It is interesting that neither the source depth 0 nor (by reciprocity) the depth at which the radial dependence is estimated affect the relative form of the asymptotic tail, but only the overall prefactor in relation (22) . Comparing relations (18) and (23), we see that for a finite the asymptotic law is an exponential even for a nonabsorbing medium (␥ ϭ 0). Additionally, in this case the radiance density is inversely proportional to 1/2 , in contrast with the dependence shown in Eq. (18) . As a consequence of the Poisson sum rule, the asymptotic law in the form of relation (23) 
It is clear that relation (22) is accurate if the contribution of the first term is much greater than that of the second one. Let us make an estimation of the validity range by constructing the corresponding ratio, assuming for simplicity that ӷ max(2, , 0 ) in a nonabsorbing situation ␥ ϭ 0, and using the asymptotic expansion of 0 ( ). We obtain
This means that relation (23) becomes accurate at radial distances exceeding the thickness of the slab by at least two extrapolation lengths. A similar analysis applied to Eq. (16) shows that the first term of this formula provides the most contribution to the reflection for the same nonabsorbing case ␥ ϭ 0 if
with a similar assumption of min(, ) ӷ max(2, , 0 ). Comparison of relation (25) with relation (26) shows that these conditions do not overlap, thus relations (18) and (23) have different ranges of applicability.
Relation (22) also shows that the shape of the asymptotic tail does not depend on the source depth 0 . The DA solution for the case of a collimated illumination (e.g., a laser beam) at a boundary may be expressed through the solution for the point source by using integration over 0 with an exponential weight function. 13 The relative radial distribution produced by the laser beam therefore has the same asymptotic behavior as the point source at arbitrary depth. Moreover, because the net flux through the slab boundaries is proportional to the radial density (see below), any directional characteristic of the reflected radiance will also have the asymptotic behavior obtained for the internal point source.
If time dependence is of interest, we should additionally perform the inverse Laplace transformation of Eq. (16) . It can be done either before or after the use of the Poisson sum formula in Eq. (19) . Since we are interested in the ‫״‬ asymptotic, which draws on the properties of the Laplace transform at -→ 0, 32 we can neglect the depen-dence of on -in Eq. (12) as compared to its effect through ␥ in Eq. (17) . Since the DA is valid for the case of weakly absorbing media (1 Ϫ 0 Ӷ 1), 12, 13 we may assume that
which leads to the known result
where 0 is again equated to the total pulse energy. By integration over ជ , we obtain the temporal Green function ‫ۿ(‬ , ), which has the leading asymptotic expression for ϻϭ 1,
at any depth . Again we see that the presence of the boundaries at finite range leads to an exponential decay, even in the absence of absorption ( 0 ϭ 1). It follows from formula (28) that the instantaneous lateral distribution of radiance has a Gaussian form where the spread is proportional to nondimensional time ‫ۿ‬ . This is as generally expected in the DA since, by using Eq. (28) is alternating Ϯ1 for odd ϻand 0 for even ϻ .
NUMERICAL VERIFICATION
To provide verification of the results obtained above, Monte Carlo simulations were performed. This is, of course, a way of solving the radiative transfer equation, not the diffusion or telegrapher's equations used here. So we expect numerical agreement only in space-time regimes that are dominated by highly scattered photons. We emphasize light escaping from the boundaries of the optical medium at ϭ 0 ( ϭ 0) and ϭ ( ϭ ) because of its relevance to noninvasive-and even remoteobservations. The outgoing boundary flux fields in the DA look like the expressions for the (mixed) boundary conditions in Eqs. (11), but with opposite signs in the first-order derivative terms:
In the case of interest here where there is no incoming flux to account for in the boundary conditions (11) or (13), we see that the escaping fluxes are simply the photon densities at the (nonextrapolated) boundaries:
All the above expressions in Fourier-Laplace space, of course, carry over to physical space-time representations.
Our primary interest here is in the steady-state case, where we simply ignore the first argument and reinterpret the source strength 0 as an injection rate.
For the DA, we can express the normalized Green function as the ratio (ԏ ជ )/ . Total transmission of the slab is the spatial integral of (ԏ ជ ) ͓ϭ (ԏ ជ , ) in the DA], the outgoing flux at the nonilluminated boundary, for 0 ϭ 1. This is simply the ''dc'' component of the Fourier transform:
ϭ ( ជ ϭ 0 ជ, ϭ ). If 0 ϭ 1, will depend only on and and, in fact, just their ratio, which is proportional to the rescaled optical depth (1 Ϫ ) . Taking into account Eqs. (1), (9a), and (14) with 0 ϭ 1, ϭ , and -ϭ ϭ 0 in Eq. (10), it can indeed be shown that
while noting that a second-order Taylor expansion of Eq. (14) at ͯ ϭ ϭ 0 is required to remove the indeterminacy. Similarly, albedo is the spatial integral of 0 (ԏ ជ ) ͓ϭ (ԏ ជ , 0) in the DA] for 0 ϭ 1. In the absence of absorption ( -ϭ ȶ , 0 ϭ 1), it follows directly from Eq. (4a) in steady state that ϩ ϭ 1, a global expression of radiant energy conservation. Conservative media therefore have
in the DA used here. We first consider a homogeneous slab of geometrical thickness ϭ 0.3 km and optical thickness ϭ 16 illuminated by a steady, isotropic point source at the lower boundary ( 0 ϭ 0). The optical properties of the scattering medium are determined by the extinction coefficient ȶ ϭ 16/0.3 ϭ 53.3 km Ϫ1 , the single-scattering albedo 0 ϭ 1, and the Henyey-Greenstein phase function 34 with asymmetry parameter ϭ 0 (isotropic scattering) or ϭ 0.85 (forward-biased scattering). Figure 1 contains simulation results of the normalized Green function for transmission as a function of ԏ , the physical distance to the vertical projection of the source position onto the opposite boundary.
The normalized Green function for transmission (ԏ )/ was thus calculated by using Monte Carlo meth-ods (dashed curves) and Eq. (22) (solid curves) to obtain the DA estimate (ԏ ជ , )/ . The figure clearly shows that the dependence
obtained in the previous section for any describes the asymptotic behavior accurately at ԏ Ͼ . This coincides roughly with our ԏ ʯ ӹ ԏ ʯ estimation in relation (25) . In the important case of a conservative media ( 0 ϭ 1), the predicted decay rate of the exponential tail is
where is from Eq. (12) and is from Eq. (33). Simulations were also made for a cloud with a more realistic ''Cloud C.1''-type phase function 35 being illuminated by a collimated beam, as in real laser probing. The geometrical thickness of the cloud is 0.7 km and its optical thickness is 25 or 80. The radial distribution of the flux density has been computed employing the asymptotic formula (shown by solid curves in Fig. 2 ) and by Monte Carlo simulation (depicted by symbols), in this case for reflection ( ϭ 0 ϭ 0). The asymptotic results have been multiplied by a factor of 0.83. This is consistent with the level of uncertainty in that is present in the complicated prefactor of the exponential term in relation (22) . The figure shows that the shape of the asymptotic tail can also be successfully described by relation (34) in the case of illumination by a collimated (laserlike) beam.
Finally, if we rewrite relation (29) with 0 ϭ 1 as
this defines the characteristic time scale ‫״‬ . By using Eqs. (6), (12), (29) , and (35), we find the relation
Comparing with Eq. (5), we can see that ԏ 2 ‫״/‬ ϭ . However, this is only true if the numerator in the definition of the extrapolation length in Eq. (12) is indeed 2/3 in the expression of boundary conditions in Eqs. (11) or (13) . Yet we know this is not always the best value to use, so we can only expect ԏ 2 ‫״/‬ Ϸ , and a similar qualification follows for Eq. (37), with the theoretical correction factor being (3/2). Therefore, if we compare the ԏ and ‫״‬ as potential diagnostics of media with some optical or geometrical properties unknown, the presence of 1/ as a multiplicative factor in Eq. (37) 
EFFECT ON CLOUD REMOTE SENSING AND OPTICAL DIAGNOSTICS
In the case of clouds, at least, albedo is relatively easy to measure directly with a calibrated radiometer, but it is not so easily converted into an estimate of optical thickness . 36 In sharp contrast, is generally unknown for clouds even though it is a highly desirable quantity in climate and weather studies. Thus, combined with , empirical estimates of ԏ in Eq. (35) can be used to infer . If the Green function is not immediately available to evaluate ԏ using a laser source, then it can be obtained indirectly from the wave number spectrum of the fluctuations of cloud radiance from reflected 26 or transmitted 37 sunlight. Indeed, these fluctuations can be represented as a convolution of the cloud's internal turbulent structure (a '' Ϫ5/3 '' spectrum) with a smoothing kernel that can be taken as the simple expression in relation (34) . 38 It is interesting to compare our steady-state asymptotics in relations (34) and (35) Their results for ␣, of course, capture the near-field tendencies better than our universal far-field value of 3/2: 2ϩ in transmission (see Fig. 1 ) and Ϸ1/2 in reflection (see Fig. 2 ). However, their estimates of ԏ ϭ /␣ are reasonably close (Ϯ20%) to our result from formula (35) for the one homogeneous cloud case (their Fig. 7) where there is enough information to make a prediction. In view of the emphasis given to small and intermediate values of ԏ by the moment-based parameter estimation technique, we consider this very good agreement.
Our analytical diffusion theoretic expressions for the Green functions may have a direct application in the follow-on study by Marshak ȶ ‫״‬ ˿ , 38 where the convenient but ſ ӹ Gamma model is used to improve cloud remote sensing in the solar spectrum at pixel scales where 3D radiative transfer effects blur our satellite retrievals. 26, 36 This study uses one-dimensional radiative transfer in each pixel (i.e., vertical column in cloud layer) as a first guess for the radiance escaping from the boundary of the three-dimensional medium-this is the independent pixel approximation or ''IPA'' 25 -and then improves it by convolution with the appropriate Green function. Marshak ȶ ‫״‬ ˿ call this the nonlocal IPA or NIPA and show that the precise choices for ␣ and were not critical as long as their values capture the near-and far-field trends, respectively. In Fourier space, ␣ controls the ultimate decay as wave number increases without bound while (our ԏ ) controls the onset of radiative smoothing.
In the spirit of the NIPA, Polonsky, Box, and Davis have recently computed perturbations in the radiance field caused by deviations from strict spatial uniformity at the first 39 and then at higher 40 orders. The Green function plays a central role in perturbation theory so the analytic results obtained in Section 2 for the DA will also find application in that efficient computational framework for 3D radiative transfer. How much NIPA-like or perturbative techniques can enhance the inference of internal structure with noninvasive optical diagnostics for biological tissues remains to de determined.
CONCLUSIONS AND OUTLOOK
We have used the diffusion approximation to estimate the asymptotic behavior of the radiance propagating in optically thick, weakly absorbing slab media. Relation (23) provides the dependence of the mean radiance density on the radial distance. A comparison with Monte Carlo simulations show that this asymptotic dependence is accurate for pure scattering. This formula was derived for the case of a point source, although it follows from our diffusion theory that the same asymptotic behavior will be observed either for the case of a directed source, such as a laser beam, or for the measurement of the directed characteristics of the reflected or transmitted radiance. Comparison with Monte Carlo results confirms this prediction.
The difference in the asymptotic behavior for a semiinfinite medium and for a finite slab is discussed, which leads to the conclusion that the use of the radial asymptotic obtained in the case of the semi-infinite slab to analyze real measurements on finite systems should be performed with extreme care. The effect of the additional boundary is not limited to the appearance of extra absorption in the exponential term: the radial dependence is also inversely proportional to the square root of the distance to the beam. This is also confirmed by Monte Carlo simulation and is completely different from the prediction of the semi-infinite slab theory.
One direction of further investigation is to use our new insights into Green function theory to develop an approximate but efficient approach to 3D radiative transfer in spatially heterogeneous optical media. Examples that come to mind are clouds and soft tissue with embedded anomalies. First steps have already been taken along this path that use homogeneous media as a baseline and exploit the 3D radiative transfer information contained in the Green function. 39, 40 Conversely, we are also interested in how sensitive the asymptotic law obtained here is to deviations of the scattering medium's optical properties from uniformity. Here again we will use the perturbation technique suggested by Marchuk 41 and generalized by Polonsky and Box. 42 Finally, we will apply our results to the analysis of wide-angle imaging lidar (WAIL) data collected during a validation campaign where a wide variety of cloud-probing instruments were operating simultaneously. 43 
